Hypercyclicity and k-Transitivity (k>=2) for abelian semigroup of affine
  maps on C^n by N'Dao, Yahya
ar
X
iv
:1
30
9.
17
60
v1
  [
ma
th.
DS
]  
6 S
ep
 20
13
HYPERCYCLICITY AND k-TRANSITIVITY (k ≥ 2)
FOR ABELIAN SEMIGROUP OF AFFINE MAPS ON Cn
YAHYA N’DAO
Abstract. In this paper, we prove that the minimal number of affine
maps on Cn, required to form a hypercyclic abelian semigroup on Cn
is n + 1. We also prove that the action of any abelian group finitely
generated by affine maps on Cn, is never k-transitive for k ≥ 2.
1. Introduction
Let Mn(C) be the set of all square matrices of order n ≥ 1 with entries
in C and GL(n, C) be the group of all invertible matrices of Mn(C). A
map f : Cn −→ Cn is called an affine map if there exist A ∈ Mn(C) and
a ∈ Cn such that f(x) = Ax + a, x ∈ Cn. We denote f = (A, a), we call
A the linear part of f . The map f is invertible if A ∈ GL(n,C). Denote
by MA(n, C) the vector space of all affine maps on Cn and GA(n, C) the
group of all invertible affine maps of MA(n,C). Let G be an abelian affine
sub-semigroup of MA(n, C). For a vector x ∈ Cn, we consider the orbit
of G through x: OG(x) = {f(x) : f ∈ G} ⊂ C
n. Denote by E (resp.
◦
E)
the closure (resp. interior) of E. The orbit OG(x) ⊂ C
n is dense (resp.
locally dense) in Cn if OG(x) = C
n (resp.
◦
OG(x) 6= ∅). The semigroup G is
called hypercyclic (or also topologically transitive) (resp. locally hypercyclic)
if there exists a point x ∈ Cn such that OG(x) is dense (resp. locally dense)
in Cn. For an account of results and bibliography on hypercyclicity, we refer
to the book [6] by Bayart and Matheron.
On the other part, let k ≥ 1 be an integer, denote by (Cn)k the k-fold
Cartesian product of Cn. For every u = (x1, . . . , xk) ∈ (C
n)k, the orbit of u
under the action of G on (Cn)k is denoted
OkG(u) = {(f(x1), . . . , f(xk)) : f ∈ G}.
When k = 1, OkG(u) = OG(u). We say that the action of G on C
n is
k-transitive if, the induced action of G on (Cn)k is hypercyclic, this is equiv-
alent to that for some u ∈ (Cn)k, Ok
G
(u) = (Cn)k. A 2-transitive action is
also called weak topological mixing and 1-transitive means hypercyclic.
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In this paper, we give a generalization of the paper [1] in which A.Ayadi
proved that any abelian semigroup finitely generated by matrices on Cn is
never k-transitive for every k ≥ 2.
Our principal results are the following:
Theorem 1.1. For every n ≥ 1, any abelian semigroup generated by n
affine maps on Cn, is not locally hypercyclic.
Theorem 1.2. Let G be an abelian sub-semigroup of MA(n,C) and gener-
ated by p affine maps, p ≥ 1. Then G is not k-transitive for every k ≥ 2.
2. Notations and some results for abelian linear semigroup
Let n ∈ N0 be fixed, denote by:
• C∗ = C\{0}, R∗ = R\{0} and N0 = N\{0}.
• B0 = (e1, . . . , en+1) the canonical basis of C
n+1 and In+1 the identity
matrix of GL(n+ 1,C).
For each m = 1, 2, . . . , n+ 1, denote by:
• Tm(C) the set of matrices over C of the form

µ 0
a2,1 µ
...
. . .
. . .
am,1 . . . am,m−1 µ


• T∗m(C) the group of matrices of the form ( 2) with µ 6= 0.
Let r ∈ N and η = (n1, . . . , nr) ∈ N
r
0 such that n1 + · · · + nr = n + 1. In
particular, r ≤ n+ 1. Write
• Kη,r(C) := Tn1(C)⊕ · · · ⊕Tnr(C). In particular if r = 1, then Kη,1(C) =
Tn+1(C) and η = (n + 1).
• K∗η,r(C) := Kη,r(C) ∩GL(n+ 1, C).
• u0 = (e1,1, . . . , er,1) ∈ C
n+1 where ek,1 = (1, 0, . . . , 0) ∈ C
nk , for k =
1, . . . , r. So u0 ∈ {1} × C
n.
• p2 : C × C
n −→ Cn the second projection defined by p2(x1, . . . , xn+1) =
(x2, . . . , xn+1).
• e(k) = (e
(k)
1 , . . . , e
(k)
r ) ∈ Cn+1 where
e
(k)
j =
{
0 ∈ Cnj if j 6= k
ek,1 if j = k
for every 1 ≤ j, k ≤ r.
• exp : Mn+1(C) −→ GL(n + 1,C) is the matrix exponential map; set
exp(M) = eM , M ∈Mn+1(C).
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• Define the map Φ : GA(n, C) −→ GL(n+ 1, C)
f = (A, a) 7−→
[
1 0
a A
]
We have the following composition formula[
1 0
a A
] [
1 0
b B
]
=
[
1 0
Ab+ a AB
]
.
Then Φ is an injective homomorphism of groups. Write
• G := Φ(G), it is an abelian sub-semigroup of GL(n+ 1,C).
• Define the map Ψ : MA(n, C) −→ Mn+1(C)
f = (A, a) 7−→
[
0 0
a A
]
We can see that Ψ is injective and linear. Hence Ψ(MA(n,C)) is a vector
subspace of Mn+1(C). We prove (see Lemma 2.3) that Φ and Ψ are related
by the following property
exp(Ψ(MA(n,C))) = Φ(GA(n,C)).
Let consider the normal form of G: By Proposition 2.1, there exists a
P ∈ Φ(GA(n,C)) and a partition η of (n + 1) such that G′ = P−1GP ⊂
K∗η,r(C) ∩ Φ(MA(n,C)). For such a choice of matrix P , we let
• v0 = Pu0. So v0 ∈ {1} × C
n, since P ∈ Φ(GA(n,C)).
• w0 = p2(v0) ∈ C
n. We have v0 = (1, w0).
• ϕ = Φ−1(P ) ∈MA(n,C).
• g = exp−1(G)∩
(
P (Kη,r(C))P
−1
)
. If G ⊂ K∗η,r(C), we have P = In+1 and
g = exp−1(G) ∩ Kη,r(C).
• g1 = g ∩ Ψ(MA(n,C)). It is an additive sub-semigroup of Mn+1(C)
(because by Lemma 3.2, g is an additive sub-semigroup of Mn+1(C)).
• G∗ = G ∩GA(n,C).
• g1u = {Bu : B ∈ g
1} ⊂ Cn+1, u ∈ Cn+1.
• q = Ψ−1(g1) ⊂MA(n,C).
Then q is an additive sub-semigroup ofMA(n,C) and we have Ψ(q) = g1.
By Corollary 2.6, we have exp(Ψ(q)) = Φ(G∗).
• qv = {f(v), f ∈ q} ⊂ C
n, v ∈ Cn.
For groups of affine maps on Kn (K = R or C), their dynamics were re-
cently initiated for some classes in different point of view, (see for instance,
[7], [8], [9], [5]). The purpose here is to give analogous results as for linear
abelian sub-semigroup of Mn(C).
In [2], the authors proved the following Proposition:
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Proposition 2.1. ([2], Proposition 2.1) Let G be an abelian subgroup of
GA(n,C) and G = Φ(G). Then there exists P ∈ Φ(GA(n,C)) such that
P−1GP is a subgroup of K∗η,r(C) ∩ Φ(GA(n,C)), for some r ≤ n + 1 and
η = (n1, . . . , nr) ∈ N
r
0.
This proposition can be generalized for any abelian affine semigroup as
follow:
Proposition 2.2. Let G be an abelian sub-semigroup of MA(n,C) and G =
Φ(G). Then there exists P ∈ Φ(GA(n,C)) such that P−1GP is a subgroup
of K∗η,r(C) ∩Φ(GA(n,C)), for some r ≤ n+ 1 and η = (n1, . . . , nr) ∈ N
r
0.
The same proof of Proposition 2.1 remained valid for Proposition 2.2.
For such matrix P define v0 = Pu0. Let L be an abelian subgroup of
K∗η,r(C). denote by:
- V =
r∏
k=1
C
∗ × Cnk−1. One has Cn\V =
r⋃
k=1
Hk, where
Hk =
{
u = [u1, . . . , ur]
T , uk ∈ {0} × C
nk−1, uj ∈ C
nj , j 6= k
}
.
See that each Hk is a L-invariant vector space of dimension n− 1.
Lemma 2.3. ([2], Lemma 2.8) exp(Ψ(MA(n,C)) = GA(n,C).
Denote by G∗ = G ∩GL(n+ 1,C).
Lemma 2.4. ( [3]) One has exp(g) = G∗.
Corollary 2.5. Let G = Φ(G). We have g = g1 + 2ipiZIn+1.
Proof. Let N ∈ g. By Lemma 2.4, exp(N) ∈ G∗ ⊂ Φ(GA(n,C)). Then by
Lemma ??, there exists k ∈ Z such that N ′ = N−2ikpiIn+1 ∈ Ψ(MA(n,C)).
As eN
′
= eN ∈ G∗ and N ′ ∈ PKη,r(C)P
−1 then N ′ ∈ g∩Ψ(MA(n,C)) = g1.
Hence g ⊂ g1 + 2ipiZIn+1. Conversely, as g
1 + 2ipiZIn+1 ⊂ PKη,r(C)P
−1
and exp(g1 + 2ipiZIn+1) = exp(g
1) ⊂ G∗, hence g1 + 2ipiZIn+1 ⊂ g. 
Corollary 2.6. We have exp(Ψ(q)) = Φ(G∗).
Proof. By Lemmas 2.4 and 2.5, We have G∗ = exp(g) = exp(g1+2ipiZIn+1) =
exp(g1). Since g1 = Ψ(q), we get exp(Ψ(q)) = Φ(G∗). 
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3. Proof of Theorem 1.1
Let G˜ be the semi-group generated by G and CIn+1 = {λIn+1 : λ ∈ C}.
Then G˜ is an abelian sub-semigroup of Mn+1(C). By Proposition 2.1, there
exists P ∈ Φ(GA(n,C)) such that P−1GP is a subgroup of Kη,r(C) for some
r ≤ n + 1 and η = (n1, . . . , nr) ∈ N
r
0 and this also implies that P
−1G˜P
is a sub-semigroup of Kη,r(C). Set g˜ = exp
−1(G˜) ∩ (PKη,r(C)P
−1) and
g˜v0 = {Bv0 : B ∈ g˜}. Then we have the following theorem, applied to G˜:
Theorem 3.1. ([3], Theorem 1.1) Under the notations above, the following
properties are equivalent:
(i) G˜ has a dense orbit in Cn+1.
(ii) the orbit O
G˜
(v0) is dense in C
n+1.
(iii) g˜v0 is an additive subgroup dense in C
n+1.
Lemma 3.2. ([4], Lemma 4.1) The sets g and g˜ are additive subgroups of
Mn+1(C). In particular, gv0 and g˜v0 are additive sub-semigroups of C
n+1.
Recall that g1 = g ∩Ψ(MA(n,C)) and q = Ψ−1(g1) ⊂MA(n,C).
Lemma 3.3. Under the notations above, one has:
(i) g˜ = g1 + CIn+1.
(ii) {0} × qw0 = g
1
v0
.
Proof. (i) Let B ∈ g˜, then eB ∈ G˜. One can write eB = λA for some
λ ∈ C∗ and A ∈ G. Let µ ∈ C such that eµ = λ, then eB−µIn+1 = A. Since
B−µIn+1 ∈ PKη,r(C)P
−1, so B−µIn+1 ∈ exp
−1(G)∩PKη,r(C)P
−1 = g. By
Corollary 2.5, there exists k ∈ Z such that B′ := B−µIn+1+2ikpiIn+1 ∈ g
1.
ThenB ∈ g1+CIn+1 and hence g˜ ⊂ g
1+CIn+1. Since g
1 ⊂ g˜ and CIn+1 ⊂ g˜,
it follows that g1+CIn+1 ⊂ g˜ (since g˜ is an additive group, by Lemma 3.2).
This proves (i).
(ii) Since Ψ(q) = g1 and v0 = (1, w0), we obtain for every f = (B, b) ∈ q,
Ψ(f)v0 =
[
0 0
b B
] [
1
w0
]
=
[
0
b+Bw0
]
=
[
0
f(w0)
]
.
Hence g1v0 = {0} × qw0 . 
Lemma 3.4. Under notations above, we have: i) {0} ×Cn ⊕Cv0 = C
n+1.
ii) p1(g˜v0) = qw0 , where p1 : {0} × C
n ⊕ Cv0 −→ {0} × C
n setting by
p1(v + λv0) = v for every v ∈ {0} × C
n ⊕ Cv0.
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Proof. The prrof of i) is obvious since v0 = (1, w0).
The proof of ii): By Lemma 3.3, ii), we have g1v0 = {0} × qw0 ⊂ {0} × C
n.
The proof follows then by Lemma 3.3, i), because g˜ = g1 + CIn+1. 
Denote by V ′ = P (V ) and U = p1(V ). For such choise of the matrix
P ∈ Φ(GA(n+ 1,C)), we can write
P =
[
1 0
d Q
]
, with Q ∈ GL(n,C).
Set h = (Q, d) ∈ GA(n,C), U ′ = h−1(U) and G∗ = G ∩ GL(n + 1,C). We
have G∗ is an abelian semigroup of GL(n + 1,C). Then:
Lemma 3.5. [3] Under notations above, we have:
(i) every orbit of G∗ and contained in V ′ is minimal in it.
(ii) if G∗ has a dense orbit in V ′ then every orbit of V ′ is dense in Cn+1.
Lemma 3.6. [3] Under notations above, the following assertions are equiv-
alent:
(i) G has a dense orbit.
(ii) G∗ has a dense orbit.
Denote by G∗ = G ∩GA(n,C).
Lemma 3.7. Under notations above, we have:
(i) every orbit of G∗ and contained in U ′ is minimal in U ′.
(ii) if G has a dense orbit in U ′ then every orbit of U ′ is dense in Cn.
Proof. (i)
(ii) 
Lemma 3.8. Under notations above. Let x ∈ Cn. Then if y ∈ JG(x) then
(1, y) ∈ JG(1, x).
Proof. Let x ∈ JG(y), then 
Lemma 3.9. The following assertions are equivalent:
(i) qw0 = C
n.
(ii) g1v0 = {0} × C
n.
(iii) g˜v0 = C
n+1.
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Proof. (i)⇐⇒ (ii) follows from the fact that {0}×qw0 = g
1
v0
(Lemma 3.3,(ii)).
(ii) =⇒ (iii) : By Lemma 3.3,(ii), g˜v0 = g
1
v0
+ Cv0. Since v0 = (1, w0) /∈
{0} ×Cn and CIn+1 ⊂ g˜, we obtain Cv0 ⊂ g˜v0 and so Cv0 ⊂ g˜v0 . Therefore
C
n+1 = {0} × Cn ⊕ Cv0 = g1v0 ⊕ Cv0 ⊂ g˜v0 (since, by Lemma 3.2, g˜v0 is an
additive subgroup of Cn+1). Thus g˜v0 = C
n+1.
(iii) =⇒ (ii) : Let x ∈ Cn, then (0, x) ∈ g˜v0 and there exists a sequence
(Am)m∈N ⊂ g˜ such that lim
m→+∞
Amv0 = (0, x). By Lemma 3.3, we can
write Amv0 = λmv0 + Bmv0 with λm ∈ C and Bm =
[
0 0
bm B
1
m
]
∈
g1 for every m ∈ N. Since Bmv0 ∈ {0} × C
n for every m ∈ N then
Amv0 = (λm, bm + B
1
mw0 + λmw0). It follows that lim
m→+∞
λm = 0 and
lim
m→+∞
Amv0 = lim
m→+∞
Bmv0 = (0, x), thus (0, x) ∈ g1v0 . Hence {0} × C
n ⊂
g1v0 . Since g
1 ⊂ Ψ(MA(n,C)), g1v0 ⊂ {0} × C
n then we conclude that
g1v0 = {0} × C
n. 
Lemma 3.10. Let x ∈ Cn and G = Φ(G). The following are equivalent:
(i) OG(x) = C
n.
(ii) OG(1,x) = {1} × C
n.
(iii) O
G˜
(1, x) = Cn+1.
Proof. (i)⇐⇒ (ii) : is obvious since {1} × G(x) = G(1, x) by construction.
(iii) =⇒ (ii) : Let y ∈ Cn and (Bm)m be a sequence in G˜ such that
lim
m→+∞
Bm(1, x) = (1, y). One can write Bm = λmΦ(fm), with fm ∈ G and
λm ∈ C
∗, thus Bm(1, x) = (λm, λmfm(x)), so lim
m→+∞
λm = 1. Therefore,
lim
m→+∞
Φ(fm)(1, x) = lim
m→+∞
1
λm
Bm(1, x) = (1, y). Hence, (1, y) ∈ OG(1, x).
(ii) =⇒ (iii) : Since Cn+1\({0} × Cn) =
⋃
λ∈C∗
λ ({1} × Cn) and for every
λ ∈ C∗, λG(1, x) ⊂ O
G˜
(1, x), we get
C
n+1 = Cn+1\({0} × Cn)
=
⋃
λ∈C∗
λ ({1} × Cn)
=
⋃
λ∈C∗
λOG(1, x) ⊂ OG˜(1, x)
Hence Cn+1 = O
G˜
(1, x). 
Recall the following result proved in [3] which applied to G can be stated as
following:
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Proposition 3.11. ([3], Proposition 5.1) Let G be an abelian sub-semigroup
of Mn(C) such that G
∗ is generated by A1, . . . , Ap and let B1, . . . , Bp ∈ g
such that Ak = e
Bk , k = 1, . . . , p and P ∈ GL(n+1,C) satisfying P−1GP ⊂
Kη,r(C). Then:
g =
p∑
k=1
NBk + 2ipi
r∑
k=1
ZPJkP
−1 and gv0 =
p∑
k=1
NBkv0 +
r∑
k=1
2ipiZPe(k),
where Jk = diag(Jk,1, . . . , Jk,r) with Jk,i = 0 ∈ Tni(C) if i 6= k and Jk,k =
Ink .
Proposition 3.12. Let G be an abelian sub-semigroup of GA(n,C) such that
G∗ is generated by f1, . . . , fp and let f
′
1, . . . , f
′
p ∈ q such that e
Ψ(f ′
k
) = Φ(fk),
k = 1, .., p. Let P be as in Proposition 2.1. Then:
qw0 =


p∑
k=1
Nf ′k(w0) +
r∑
k=2
2ipiZp2(Pe
(k)), if r ≥ 2
p∑
k=1
Nf ′k(w0), if r = 1
Proof. Let G = Φ(G). Then G is generated by Φ(f1), . . . ,Φ(fp). Apply
Proposition 3.11 to G, Ak = Φ(fk), Bk = Ψ(f
′
k) ∈ g
1, then we have
g =
p∑
k=1
ZΨ(f ′k) + 2ipiZ
r∑
k=1
PJkP
−1.
We have
p∑
k=1
ZΨ(f ′k) ⊂ Ψ(MA(n,C)). Moreover, for every k = 2, . . . , r,
Jk ∈ Ψ(MA(n,C)), hence PJkP
−1 ∈ Ψ(MA(n,C)), since P ∈ Φ(GA(n,C)).
However, mPJ1P
−1 /∈ Ψ(MA(n,C)) for every m ∈ Z\{0}, since J1 has the
form J1 = diag(1, J
′) where J ′ ∈ Mn(C). As g
1 = g ∩ Ψ(MA(n,C)), then
mPJ1P
−1 /∈ g1 for every m ∈ Z\{0}. Hence we obtain:
g1 =


p∑
k=1
NΨ(f ′k) +
r∑
k=2
2ipiZPJkP
−1, if r ≥ 2
p∑
k=1
NΨ(f ′k), if r = 1
Since Jku0 = e
(k), we get
g1v0 =


p∑
k=1
NΨ(f ′k)v0 +
r∑
k=2
2ipiZPe(k), if r ≥ 2
p∑
k=1
NΨ(f ′k)v0, if r = 1
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By Lemma 3.3,(iii), one has {0} × qw0 = g
1
v0
and Ψ(f ′k)v0 = (0, f
′
k(w0)),
so qw0 = p2
(
g1v0
)
. It follows that
qw0 =


p∑
k=1
Nf ′k(w0) +
r∑
k=2
2ipiZp2(Pe
(k)), if r ≥ 2
p∑
k=1
Nf ′k(w0), if r = 1
The proof is completed. 
Recall the following proposition which was proven in [10]:
Proposition 3.13. (cf. [10], page 35). Let F = Zu1 + · · · + Zum with
uk = Re(uk)+ iIm(uk), where Re(uk), Im(uk) ∈ R
n, k = 1, . . . ,m. Then F
is dense in Cn if and only if for every (s1, . . . , sm) ∈ Z
p\{0} :
rank

 Re(u1) . . . . . . Re(um)Im(u1) . . . . . . Im(um)
s1 . . . . . . sm

 = 2n + 1.
Proof of Theorem 1.1. Suppose that G is hypercyclic, so G(x) = Cn for
some x ∈ Cn. By Lemma 3.10,(iii), G˜(1, x) = Cn+1 and by Theorem 3.1,
G˜(v0) = C
n+1 and so g˜(v0) = C
n+1. Then p1(g˜(v0)) = C
n, where where
p1 : {0} × C
n ⊕ Cv0 −→ {0} × C
n setting by p1(v + λv0) = v for every
v ∈ {0} × Cn ⊕ Cv0. By Lemma 3.4, p1(g˜(v0)) = qw0 . Therefore qw0 = C
n.
By Proposition 3.12,
qw0 =


p∑
k=1
Nf ′k(w0) +
r∑
k=2
2ipiZp2(Pe
(k)), if r ≥ 2
p∑
k=1
Nf ′k(w0), if r = 1
Since m := p+ r − 1 ≤ 2n then by Lemma 3.13, qw0 can not be dense in
C
n, a contradiction. 
4. Proof of Theorem 1.2
Recall that G is an abelian sub-semigroup of MA(n,C), G = Φ(G) and
G˜ is the semi-group generated by G and CIn+1 = {λIn+1 : λ ∈ C}.
Then G˜ is an abelian sub-semigroup of Mn+1(C). Let k ≥ 1 be an integer,
denote by (Cn+1)k the k-fold Cartesian product of Cn+1. For every u =
(x1, . . . , xk) ∈ (C
n+1)k, the orbit of u under the action of G (resp. G˜) on
(Cn+1)k is denoted
OkG(u) = {(Ax1, . . . , Axk) : A ∈ G}.
(resp. Ok
G˜
(u) = {(Ax1, . . . , Axk) : A ∈ G˜}.)
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Lemma 4.1. Under above notation. Let k ≥ 2 and u = (x1, . . . , xn) ∈
(Cn)k. Denote by u˜ := ((1, x1), . . . , (1, xn)) then the following assertions are
equivalent:
(i) Ok
G
(u) = (Cn)k.
(ii) OkG(u˜) = ({1} × C
n)k.
(iii) Ok
G˜
(u˜) = (Cn+1)k.
Proof. (i) =⇒ (ii): Let v = (y1, . . . , yk) ∈ (C
n)k, then v ∈ Ok
G
(u), so
there exists a sequence (gm)m in G such that lim
m→+∞
(gm(x1), . . . , gm(xk)) =
(y1, . . . , yk). Then lim
m→+∞
(Φ(gm)(1, x1), . . . ,Φ(gm)(1, xk)) = ((1, y1), . . . , (1, yk)).
Therefore v˜ := ((1, y1), . . . , (1, yk)) ∈ O
k
G(u˜), since Φ(fm) ∈ G for every m.
(ii) =⇒ (iii): Let v = (y1, . . . , yk) ∈ (C
n)k and (Bm)m be a sequence in
G˜ such that lim
m→+∞
(Bm(1, x1), . . . , Bm(1, xk)) = v˜. One can write Bm =
λmΦ(fm), with fm ∈ G and λm ∈ C
∗, thus Bm(1, xj) = (λm, λmfm(xj))
for every j = 1, . . . , k, so lim
m→+∞
λm = 1 because lim
m→+∞
Bm(1, x1) = (1, y1).
Therefore, lim
m→+∞
Φ(fm)(1, xj) = lim
m→+∞
1
λm
Bm(1, xj) = (1, yj), hence
v˜ = lim
m→+∞
(
1
λm
Bm(1, x1), . . . ,
1
λm
Bm(1, xk)
)
= lim
m→+∞
(Φ(fm)(1, x1), . . . ,Φ(fm)(1, xk))
It follows that v˜ ∈ OkG(u˜).
(iii) =⇒ (i) : Let v = (y1, . . . , yk) ∈ (C
n)k, then v˜ ∈ Ok
G˜
(u˜), so there
exists a sequence (Bm)m in G˜ such that lim
m→+∞
(Bm(1, x1), . . . , Bm(1, xk)) =
((1, y1), . . . , (1, yk)). One can write Bm = λmΦ(fm), with fm ∈ G and
λm ∈ C
∗, thus Bm(1, xj) = (λm, λmfm(xj)) for every j = 1, . . . , k, so
lim
m→+∞
λm = 1.
Therefore, lim
m→+∞
Φ(fm)(1, xj) = lim
m→+∞
1
λm
Bm(1, xj) = (1, yj). Therefore
v ∈ Ok
G
(u). 
Proposition 4.2. ([1], Theorem 1.2) Let L be an abelian semigroup gener-
ated by p matrices (p ≥ 1) on Kn (K = R or C). Then the action of L on
K
n is never k-transitive for k ≥ 2.
Proof of Theorems 1.2. The proof results directly from Lemma 4.1 and Propo-
sition 4.2. 
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